Riemann-Liouville and Caputo fractional derivatives are fundamentally related to fractional integration operators. Consequently, the initial conditions of fractional derivatives are the frequency distributed and infinite dimensional state vector of fractional integrators. The paper is dedicated to the estimation of these initial conditions and to the validation of the initialization problem based on this distributed state vector. Numerical simulations applied to Riemann-Liouville and Caputo derivatives demonstrate that the initial conditions problem can be solved thanks to the estimation of the initial state vector of the fractional integrator.
INTRODUCTION
Initialization of fractional derivatives remains an open domain, in spite of a large number of contributions (see for example Lorenzo 2001 , Hartley 2002 , Ortigueira 2003 , Lorenzo 2008 , Sabatier 2008 . Particularly, the concept of the initialization function has been introduced by Lorenzo and Hartley and applied to different situations.
An other approach is based on the infinite dimensional state vector of the fractional integrator which provides a straightforward interpretation of initial conditions. This new concept has been applied to the initialization of Fractional Differential Equations: it has been possible to estimate these initial conditions thanks to an observer and then to initialize correctly the corresponding FDE (Trigeassou 2011) .
In a recent paper (Trigeassou 2010) , this concept has been generalized to the interpretation of the initial conditions of Riemann-Liouville and Caputo fractional derivatives. A new formulation of the initial conditions of the Laplace Transforms of these derivatives has been proposed. The main result is the presence of the infinite dimensional state vector of the integrator in these initial conditions.
In this paper, our objective is to validate this new interpretation of fractional derivatives initial conditions. More specifically, we want to demonstrate that the integrator state vector is a good solution for the initialization of fractional derivatives. The main difficulty of the initialization problem is to estimate these initial conditions. Assuming that the exact formulation of the fractional derivative is available on a 'past' interval, we use an observer technique to provide an accurate estimation of the state vector at an instant 0 t . Though the problem is fundamentally the same for the two derivatives, numerical simulations show that there are some significant differences due to integer order differentiation.
After a reminder of fractional integration and the definition of implicit fractional differentiation in section 2, we present the fractional integration operator in section 3 and the initial conditions of Riemann-Liouville and Caputo fractional derivatives in section 4. The proposed initialization technique is applied to the Caputo derivative in section 5 and to the Riemann-Liouville derivative in section 6. 
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Using integration by parts , we get (Matignon, 1994) , (Podlubny, 1999) :
where n is an integer number.
Consider now that n is a real positive number : thus the factorial function )! 1 ( − n has to be replaced by the gamma
Then, the n th fractional order Riemann-Liouville integral ( n real positive) of the function ) (t f is defined by the relation (Miller, 1993) , (Oldham, 1974) , (Oustaloup, 1995) :
is the convolution of the function ) (t f with the impulse response:
of the fractional integration operator whose Laplace transform is:
2.2 Implicit fractional differentiation Fractional differentiation is the dual operation of the fractional integration.
Consider the fractional integration operator ) (s I n whose input and output are respectively ) (t x and ) (t y . Then:
Reciprocally, ) (t x is the n th order fractional derivative of ) (t y defined as:
where n s represents the Laplace transform of the fractional differentiation operator (for initial conditions equal to zero). Thus, this fractional derivative definition is based on the operator ) (s I n , without analytical formulation of ( )
it is an implicit definition of the fractional derivative.
FRACTIONAL INTEGRATION OPERATOR

Fractional integration operator
The fractional order integrator is an infinite dimensional system (Heleschewitz, 1998) , ((Montseny, 1998) , (Trigeassou, 1999) . Its state-space model is given by : (Sabatier, 2008) :
Consequently, the output ) (t x of the fractional integrator (11) 
with:
This discrete model has been used to initialize successfully a FDE (refer to Trigeassou 2011 for more details).
INITIAL CONDITIONS OF FRACTIONAL DERIVATIVES
Differentiation and convolution
The relation
corresponds in the time domain to the convolution relation :
where ) (t d n , impulse response of the fractional differentiator, is the convolution inverse of ) (t h n (Matignon, 1994 ).
So we get :
Explicit formulations of the fractional derivative
Assume that the fractional order n is situated between the two integer numbers 1
We can write 
(with zero initial conditions) and using the inverse Laplace transform , we get two expressions for ) ( f D n :
The first one corresponds to :
and the second one to :
This first expression is known as the Caputo derivative (Caputo, 1969) :
while the second one is the Riemann-Liouville derivative (Podlubny, 1999): 
the Laplace transform of equation (11) is :
we get finally the Laplace transform of the implicit fractional derivative :
where the second term is based on the distributed initial
Expression (23) can be written as:
Consider the Laplace transform of the Caputo derivative, which is defined as :
Then, using the results related to the implicit derivative (30), and replacing n by n − 1 , we get :
is the initial state of integrator ) ( 
4.3.3 Riemann-Liouville derivative 1 0 < < n Expression (24) can be written as :
Using the same technique as previously, it is staightforward to get the Lalace transform of the Riemann-Liouville derivative, with initial conditions The general formulation of the Caputo derivative is given by:
and its Laplace transform is:
Riemann-Liouville derivative
The general formulation of the Riemann-Liouville derivative is given by:
and its Laplace transform is :
INITIALIZATION OF THE CAPUTO DERIVATIVE
Introduction
Our objective is to verify that the initial conditions defined in part 4 are able to initialize fractional derivatives. Indeed, the more general situation would be to consider an unknown 
where ) (
is the fractional integrator, with order n − 1 . Practically, this integral is calculated using the infinite dimensional system : 
where K is an adaptation gain and 
and it is straightforward to get: 
where T is an observation interval used to test the influence of ) , ( 0 
Practically, the fractional integral is calculated using the infinite dimensional system : Notice that :
As for the Caputo derivative, it is necessary to tune the adaptation gain K using a modified quadratic criterion On figure n°6, we present the non initialized derivative and the corresponding free response: we can conclude that the Riemann-Liouville derivative is more sensitive to initial conditions than the Caputo derivative (refer to fig n°3) . In fact, the free response is not equal to the sum of these state variables, but to the sum of their integer order derivatives: it is the reason of this impulsive behavior (see fig n°6) and the main difference between the initialization of the two fractional derivatives. 
CONCLUSION
In this paper, it has been demonstrated that the initial conditions of fractional derivatives correspond to the initial state vector of the associated fractional integrator ) ( 1 s I n − . The validation of this concept has been possible thanks to the estimation of this initial state vector using an observer technique. Though the initialization of the two derivatives is governed by the same principles, it appears that the RiemannLiouville derivative is more sensitive to initial conditions than the Caputo derivative.
In future works, some points will deserve more investigation. The relation between the initialization function of Lorenzo and Hartley and the integrator state vector will have to be analyzed. The initial vector has been estimated with a numerical algorithm: is it possible to formulate an analytical solution ? Moreover, it will be necessary to investigate initial state vector estimation in the case where only the 'past' of the considered function is available.
